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Abstract 

The aim of this paper is to prove duality of Triebel-Lizorkin spaces 
First, we prove the duality of associated sequence spaces. Then from the so-called 
(^-transform characterization in the sense of Frazier and Jawerth, we deduce the 
main result of this paper. 
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1 Introduction 

In recent years, there has been growing interest in generalizing classical spaces such 
as Lebesgue, Sobolev spaces, Besov spaces, Triebel-Lizorkin spaces to the case with 
either variable integrability or variable smoothness. The motivation for the increas¬ 
ing interest in such spaces comes not only from theoretical purposes, but also from 
applications to fluid dynamics [25], image restoration [6] and PDE with non-standard 
growth conditions. Leopold [17, 18, 19, 20] and Leopold & Schrohe [21] studied pseudo¬ 
differential operators, they introduced related Besov spaces with variable smoothness 
Bp^p\ Function spaces of variable smoothness have recently been studied by Besov [2, 
3, 4]. Along a different line of study, J.-S. Xu [35], [36] has studied Besov spaces with 
variable p, but hxed q and a. 

Besov spaces of variable smoothness and integrability, ^^_y initially appeared in 
the paper of A. Almeida and P. Hasto [T]. Several basic properties were established, 
such as the Fourier analytical characterisation and Sobolev embeddings. When p, q, a 
are constants they coincide with the usual function spaces B^ ^. 

Variable Besov-type spaces have been introduced in [TT] and ca. where their basic 
properties are given, such as the Sobolev type embeddings and that under some con¬ 
ditions these spaces are just the variable Besov spaces. For constant exponents, these 
spaces unify and generalize many classical function spaces including Besov spaces, 
Besov-Morrey spaces (see, for example, [Ml Corollary 3.3]). Independently, D. Yang, 
C. Zhuo and W. Yuan, [53] studied these function spaces where several properties are 
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obtained such as atomic decomposition and the boundedness of trace operator, see 
[32] for further properties of variable Triebel-Lizorkin-type spaces. Also, A. I. Tyu- 
lenev [29] , [30] has studied some new function spaces of variable smoothness. Triebel- 
Lizorkin spaces with variable exponents were introduced by [^. They proved a 

discretization by the so called (p-transform. Also atomic and molecular decomposition 
of these function spaces are obtained and used it to derive trace results. The Sobolev 
embedding of these function spaces was proved by J. Vybhal, EH. Some properties of 
these function spaces such as local means characterizations and characterizations by 
ball means of differences can be found in [15] and [1^. When a,p, q are constants they 
coincide with the usual function spaces 

It is well-known that duality is an important concept when we study function spaces. 
It applied to real interpolation and embeddings. See [2S], for the duality of the usual 
Besov spaces and Triebel-Lizorkin spaces M. Izuki and T. Noi [23] have 

obtained the duality of ^ and for 1 < < cxo and 1 < < g"*" < 

oo, see [22] for the duality of ^ and ^ spaces with variable p, but hxed q and a. 

In the present paper we obtain the duality of variable Triebel-Lizorkin spaces F^qpy 


2 Preliminaries 

As usual, we denote by R"' the n-dimensional real Euclidean space, N the collection of 
all natural numbers and Mq = N U {0}. The letter Z stands for the set of all integer 
numbers. The expression / < g means that f < eg for some independent constant c 
(and non-negative functions / and g), and f ^ g means f ^ g ^ f- 

By supp / we denote the support of the function / , i.e., the closure of its non-zero 
set. If F C R”' is a measurable set, then |F| stands for the (Lebesgue) measure of E 
and Xe denotes its characteristic function. 

The symbol iS(R’^) is used in place of the set of all Schwartz functions on R". We 
denote by iS'(R”) the dual space of all tempered distributions on R"^. We dehne the 
Fourier transform of a function / G iS(R") by F(/)(^) = { 2 n)~'^F f{x)dx. Its 

inverse is denoted by Both F and F^^ are extended to the dual Schwartz space 

iS'(R'^) in the usual way. 

For n G Z and m = {mi, ...,mn) G Z", let Qv,m be the dyadic cube in R”', Qv,m = 
{(xi, ...,Xn) : rrii < 2'"xi < -f 1, i = 1, 2, ...,n}. For the collection of all such cubes 
we use Q := {Qv,m : n G Z, m G Z""}. For each cube Q, we denote by the lower 

left-corner 2~'"m of Q = Qv,m, hs side length by 1{Q) and for r > 0, we denote by 
rQ the cube concentric with Q having the side length rl{Q). Furthermore, we put 
vq = - log 2 1{Q), = max(nQ, 0) and Xv,m = 

For V eIj, ip E iS(R”) and x G R”, we set p(x) := p{—x), p^{x) := 2'"'^ p{2'" x), and 

:= 2y^^‘^p{2'’x -m) = \Q^^rn\^/‘^p^{x - Xq^^J if Q = Qv,m- 

By c we denote generic positive constants, which may have different values at different 
occurrences. Although the exact values of the constants are usually irrelevant for 
our purposes, sometimes we emphasize their dependence on certain parameters (e.g. 
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c{p) means that c depends on p, etc.). Further notation will be properly introduced 
whenever needed. 

The variable exponents that we consider are always measurable functions p on M” with 
range in [c, cx)[ for some c > 0. We denote the set of such functions by Vq. The subset 
of variable exponents with range [1, oo[ is denoted by V. We use the standard notation 
p~ := ess-inf p{x), p'^ := ess-sup p{x). 

The variable exponent modular is dehned by '■= Qp(x)i\fi^)\)d'X, where 

Qpit) = fP. The variable exponent Lebesgue space consists of measurable functions 
/ on M" such that Qp(.){Xf) < oo for some A > 0. We dehne the Luxemburg (quasi)- 

norm on this space by the formula ||/||p(.) : = inf IA > 0 : Qp(.)(y^ — ^ useful 

property is that ||/||p(.) < 1 if and only if Qp(^.){f) < 1, see [S], Lemma 3.2.4. For 
variable exponents, Holder’s inequality takes the form ||/5'||s(-) ^ II/IIp{-)II5'IIij() where 
s is dehned pointwise by -1- Often we use the particular case s(a;) := 1 

corresponding to the situation when q = p' \s the conjugate exponent of p. 

Let p^q E Vq. The mixed Lebesgue-sequence space is dehned on sequences 

of LP*^'^-functions by the modular 

■= inf |a„ > 0 : ^p{.)(tt 7 ^) < l}- 


The (quasi)-norm is dehned from this as usual: 

\\ify)v\\ei( ){Lp( )) inf |/i > 0 : Q£q( )(^Lp( ))(^~ifv)v^ < l|- (1) 

If q^ < oo, then we can replace ([I]) by the simpler expression giq{-)(^Lp(--)){{fv)v) ■= 
11 ^11 p( ) • Furthermore, if p and q are constants, then The 

V ^ 

case p := oo can be included by replacing the last modular by g£q{-)(^L oo ^ ((/.).) : = 
^ 11 ^ Iloo' Pi Q ^ ^ 0 - Then g£q(-)(^LP(-)) is continuous if p"*" < oo and q~^ < oo, 

V 

see p. 

It is known, cf. P and [15], that is a norm if q{-) > 1 is constant almost 

everywhere (a.e.) on M” and p(-) > 1, or if < 1 a.e. on M"', or if 1 < q{x) < 

p{x) < oo a.e. on M". 

We state also the dehnition of the space which is much more intuitive then 

the dehnition of One just takes the norm of (/^(a;))i, for every x G M” 

and then the L^^'i-norm with respect to x G M", i.e. 


if.) 


v>0 11 LP(') (£'?(■)) 


:= III! (fv(x)) 


V>0 IhijCa:) llp(.) ■ 


It is easy to show that is always a quasi-normed space and it is a normed 

space, if min(p(x), g(x)) > 1 holds point-wise. 

We say that p : M” —)■ M is locally \og-Hdlder continuous, abbreviated g G if there 
exists ciogig) > 0 such that 


\9ix) -giy)\ < 


_ Qog(p) 

Iog(e -|- 1/ |x 


y\) 


( 2 ) 
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for all X, 1 / G M". We say that g satisfies the log-Holder decay condition, if there exists 
goo and a constant ciog > 0 such that 


\g{x) - g^ 


*"log 

log(e + |x|) 


for all X G M"". We say that g is globally-\og-Hdlder continuous, abbreviated g G 
if it is locally log-Holder continuous and satishes the log-Holder decay condition. The 
constants ciog(fi') and ciog are called the locally log-Holder constant and the log-Holder 
decay constant, respectively. We note that all functions g G always belong to L°°. 

We dehne the following class of variable exponents := G P : ^ is globally-log- 
Holder continuous}, were introduced in [T31 Section 2]. We dehne 1/poo := lini|a;|->.oo l/p(^) 
and we use the convention — = Q. Note that although - is bounded, the variable ex- 
ponent p itself can be unbounded. If p G then the convolution with a radially 
decreasing L^-function is bounded on \\p * /||p(.) < c|l(p||i||/||p(.). 

It is known that for p G we have 


\\Xb\\p{-)\\Xb\\p'{-) ~ \B 


(3) 


Also, 

\\Xb\\p{-) - \B\^ , xeB (4) 

for small balls B C M” (|i?| < 2”), with constants only depending on the log-Holder 
constant of p (see, for example, [H Section 4.5]). These properties are hold if p G 
since ||xb||p(.) = ||Xij||p(.“/a and £gP'°§ if p" > a. 

Recall that p^^ 7 v(x) := 2”^(1 -f 2'" |x|)“^, for any x G M”, n G Nq and iV > 0. Note that 
G when N > n and that ||?7^,Ar||^ = cn is independent of v. We introduce the 
abbreviations 


IK/. 




sup 

{nGS,TI<i} 


fv 


|p|i/p(') 


Xp 


V>Vp 


£<!(■) {LP(-)) 


The following lemma is the £'^^ K-^p(.))”’^6rsion of Lemma 4.7 from A. Almeida and P. 
Hasto [1] (we use it, since the maximal operator is in general not bounded on , 

see [H Example 4.1]). 

Lemma 1 Let p G q G Po°^ with 0 < < OO and p >1. For N > 

2n -|- ciog(l/p) -|- ciog(l/g), there exists c > 0 such that 

\ p(.); V p(.)/ 

The arguments in [111 Lemma 2.12], are true to prove this property, in view of the fact 
that ||xp||p(.) ~ / since |P| < 1. The proof of the following lemma is given in 

[H Theorem 3.2]. 


Lemma 2 Let p,q E P^°® with 1 < p < p"*" < oo and 1 < q < q'^ < oo. For N > n, 
there exists c > 0 such that 


II {Vv,N * /.)^|| ^ \\ifv)v\\LP(-') {£<!(■)) 
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3 Spaces of variable smoothness and integrability 


In this section we recall the definition of the spaces and q(^.) as given in 

|T2] and [7]. Let \h be a fnnction in iS(M”) satisfying 0 < d^(a;) < 1 for all x, 'L(x) = 1 
for |x| < 1 and \l'(x) = 0 for |x| > 2. We pnt = \h(x), -F(^(x) = th(f) — \t'(x) 

and for n = 1, 2, 3,.... Then is a resolution of unity, 

= 1 for all X G M”. Thus we obtain the Littlewood-Paley decomposition 

OO 

f = (5) 

v=0 

of all / G (convergence in iS'(M"')). 

Now, we define the spaces under consideration. 


Definition 1 Let a resolution of unity, a : M” —)■ M and p, g G Pq- 

(i) The Besov-type space is the collection of all f G such that 


ll/ll 


B 


“(■).?(•) 

p(-)M-) 


sup 

PeQ 


* / 

V |P|Vp(') 



v>vf 




< OO, 


( 6 ) 


(ii) Let 0 < p < p'^ < OO and 0 < q < q~^ < oo. The Triebel-Lizorkin space Fp^^^gp-) 
is the collection of all f G iS'(R"') such that 


p“(-) 


(2"'-V, » /) 


1)>0 


LP(')(£'J(')) 


< CXO. 


(7) 


The definition of the spaces and 


is independent of the chosen resolution 


of unity dS]) if a G C|°®, p, g G and 0 < g+ < cxo, (0 < p“ < p+ < cxo in the F case) 
and that different choices yield equivalent quasi-norms. Using the system {<p^}«gNo we 
can define the norm 


ll/ll 




sup 

PeQ 



OO .. , 

(^2”«||(^„*/)Xp||J) 

-ji—iiTir 


for constants a and p, g G (0, cx)]. The Besov-type space B^'f consist of all distributions 
/ G for which ||/||^a.T < oo. It is well-known that these spaces do not depend 

on the choice of the system (up to equivalence of quasinorms). Further 

details on the classical theory of these spaces can be found in [5] and [31]; see also HD] 
for recent developments. One recognizes immediately that if a, p and g are constants, 
then = Bp'^^^ and = F^^^ is the classical Triebel-Lizorkin spaces, see 

[27] . [25] and [21] for the history of these spaces. When, q := oo the Besov-type space 
^p{-) oo^ consist of all distributions / G iS'(M”') such that 


sup 

P£Q,v>vf 


|p|i/p(-) 


< oo. 

p(-) 


If we replace dyadic cubes P in Definition [T] by arbitrary cubes P, we then obtain 
equivalent quasi-norms. It is clear that if a and p are constants, then = F^ p, 

see na for the properties of F^ p. We refer to the papers na, na and [33] , where 
various results on variable Besov-type spaces were obtained. 
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Lemma 3 A tempered distribution f belongs to if and only if, 




|P|1M-) 


-Xp 


V>Vp 


£‘i(-)(LP(-)) 


< OO. 


Furthermore, the quasi-norms ||/|| bc-(),p() and |l/||~c,()p() are equivalent. 

"p(-),.(-) ^P(-)M-) 

The proof this lemma is given in [12]. One of the key tools to prove the duality of 
Triebel-Lizorkin spaces is to transfer the problem from function spaces to their 

corresponding sequence spaces. 


Definition 2 Let p,q G Vq and let a : M."' —)■ M. Then for all complex valued sequences 
A G Ll.ywe define 




l“(').p(') ^ CX3 
P(-)M-) 


where 


,a(-),p(-) — sup 

p(-),9(-) PeQ 


V 2’'0(-)+V2) \ Y 
^ ■^v,mXv,r. 

|P|iM-) 


-Xp 


£i(-)(LP(-)) 


If we replace dyadic cubes P by arbitrary balls Bj of M"’ with J G Z, we then obtain 
equivalent quasi-norms, where the supremum is taken over all J G Z and all balls Bj 
of M^. 


Remark 1 Let a G P, q ^ and 0 < < cxd. Then 


?“(■).■jC-) 


sup 

{PGQ,|P|<1} 


|p|i/g(-) 


-Xp 


v'>Vp 


L'j(-)p9(')) 


for any f G For all complex valued sequences A = {Xv,m G C : n G Mo,m G 

Z"'} G we have 


||A||^c(.), 5 (.) sup 
q(-)M-) {PgQ,|P|< 1 } 


2v(a(-)+n/2) \ 

/ j ^ ^'v,mAv,r 

mGZ" 

|P|l/9(-) 


-Xp 


V>Vp 


L9(')(£9(-)) 


for any A G see [H- 

Let d) and (p satisfy 


( 8 ) 


supp.F<l> C R(0,2) and \P<l>{0\ > c if |e| < ^ (9) 

and 

suppJ'(p C R(0,2)\P(0,1/2) and |J'(^(OI > c if y < |^| < y (10) 

5 3 
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where c > 0. It easy to see that x'^(p{x)dx = 0 for all multi-indices 7 G Nq. By m 
pp. 130-1311, there exist functions d' G satisfying dOl) and ib G satisfying 

(fTOil such that for all ^ G 


^d>(e)-Fv[/(o + = 1, e e m". (h) 

i=i 

Furthermore, we have the following identity for all / G see [131 (12.4)] 

CXD 

/ = + 

V =1 

OQ 

v=\ ra^'L'^ 

Recall that the (p-transform S^p is defined by setting (S'^)o,m = (/, ^m) where <Fm(a^) = 
$(x - m) and where = ‘2^"'^‘^^{2,'"x - m) and u G N. The 

inverse (p-transform is defined by 

00 

^ ^ Ag^md'^ -|- ^ ^ ^ ^ ^v,'m2pv^rrii 
mSZ’^ D=1 rnSZ*^ 

where A = {A^,^ e Cj^gKo.meZ", see [Hj. 

To prove of the main result of this paper we need the following (^-transform character¬ 
ization of see [T2] . 

Theorem 1 Let a G C*°® and p,q ^ with 0 < q'^ < 00. Suppose that $, T G 
satisfying ([9]) and ^ satisfy ffTOj) such that ffTTD holds. The operators 

-t bY)’q{.) bounded. Furthermore, o 

is the identity on 


4 Duality 

This section is devoted to the duality of Triebel-Lizorkin spaces In the case of 

constant indices q and a, this is a classical part of the theory of function spaces. Before 
proving the duality of these function spaces we present some results, which appeared 
in the paper of Frazier and Jawerth [T3] for constant exponents. 

Proposition 1 Let a G , v G Ng, m G Z"- and p,q & Pg°® with 0 < g“ < < 00. 

Suppose that for each dyadic cube Qy^m there is a set Eq^,^ C Qy^^ with \Eq^^^\ > 
£\Qv,m\, £ > 0. Then 

leZ" 

|P|iM-) 


T“(-).P(-) 

P(-).9(-) 


sup 

{pgS,TI<i} 
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Proof. Obviously, the problem can be reduced to the case when is a normed 

space. Since Xeq — Xq for all Q ^ Q, one the direction is trivial. For the other, we 
use the estimate Xq^ m — ^ Vv,n * Xeq for all Qv,m ^ Q and all N > 2n + ciog(l/p) + 
ciog(l/<?)- Now Lemma [T] implies that ||A||^c«( ).p( ) is bounded by 


< 


c sup 
{PGS,|P|<1} 


sup 

{^’eQ,|P|<i} 


meZ" 

|P|iM-) 

V |P|Vp(-) -Jv>vp 


-Xp 


v'>Vp 




Qv,ri 


-Xp 




Proposition 2 Let a G (71°® , v G Mq, m G Z"" and q G with 0 < q < q^ < oo. 

Suppose that for each dyadic cube Qv,m there is a set Eq^,^ C with \Eq^^^\ > 

^\Qv,m\, £ > 0. Then 


ra(-),g(-) < c 
%(■),<}(■) 




v=0 mGZ" 




Proof. From the fact that we have for any dyadic cube P, 

with |P| < 1 


|p|i/g(-) 


Qn,rj 


-Xp 


V>Vp 


Li(-)(£i(-)) 


E, 

v=vp mGZ" 

Obviously this term is bounded by 


4e E 


«(-) 


< 

rsj 


v=vp 

OQ 

v=vp 


i/g(-) 

Qv,m J ^ jp|l/(j(-) 


XXp 


q{-) 


Therefore, we obtain the desired inequality. 
For any dyadic cube P, with |P| < 1, we set 




l/q{x) 


v=vp 


We put 


^a(-).9(-)(A) ;= inf £ : |{a; G P : > e}| < 




We also set 


m"(')’'?(')(A)(a;) = sup mp'^’'^^'^(A)xp(a;). 


IPI 


( 12 ) 


Then we obtain. 






































Proposition 3 Let a G q G with 1 < q < < oo and A = {Xv,m}vmo,m£Z-^ G 


r“(-)-9{') Thpj, 


<z(-).9(-) 


Proof. We use the arguments of [HI Proposition 5.5]. Let P be any dyadic cube, with 
\P\ < 1. We use the Chebyshev inequality, 


\{x G 

P ■.Gf^’'^G^X){x) >41 

< 

1 H- 


t Jp 


< 

IIxpI g'(.) 

c-^ 

£ 



9 (-) 


by Holder’s inequality. Using the properties 
expression by 


and dH]), to estimate the last 


1^1 


1lx 


pllqO- 




= c- 
'?(■) ^ 


\P\ GpG’‘^^'\X) 


llx 


P\\q{-) 


< c- 


\P\ Gf'>’'^^'\x) 


|p|i/g(') 


Xp 


Xp 


<](■) 


<?(■) 


< l^l 

< C— ||A||-^.(.).,(.) 

£ 9(-),9(-) 


l,a(-),g(-). Hence, 

9(-),9(-) 


This term is less than to ^ if e > c 4 ||A||- 

|K(-)’''(-)(A)L<c||A||^.(.,^ 


9(->,9(-) 


Now let 


J(x) 

OO 

infjjeNo: 


o(a;)+n/2)g(x) ^|g(x) 


XvM^ 


v=j /igZ" 


l/q{x) 


< wX 


and 


= [xe g.,, : GlGf\X){x) < m“(-)’''«(A)(x) 


for any dyadic cube Qv,h^ u G Mq and h ^ IP. By flT^ . \Eq^ and 


\ 1 / oix') 

Y < c nPG,<i(-)^X){x) 


v=0 h&Z" 
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for each x E Multiplying by |P| Xp{^) (P is a dyadic cube such that 

Qv,h C P and |P| < 1) and then taking the L'^*^'i-norm, we obtain 


(EE 

v=vp 


2i>(a(-)+n/2)g(-)|y^^|<7(-) N l/q(.) 


|P|l/9(-) 

1 

jppT^Ap 


<?(■) 


g(-) 




From the last estimate and Proposition [H we deduce that 


9(-).9(-) 


By this proposition and Proposition [H we obtain another equivalent norm of 


Proposition 4 Let a E (71°® and q E P^°® with 1 < q < q~^ < oo. Then A = 
{A^,m G C}^eNo,mGZ" ^ dyadic cube Qv,m there is a 

subset C Qv,m with |Pq„_^| > \Qv,m\/‘2 (or any other, fixed, number 0 < e < 1) 

such that 


EE 2 


(a(-)+n/ 2 )q(-) 


I A. 


p=0 m£7j'^ 



< OO. 


Moreover, the infimum of this expression over all such collections is equiv¬ 

alent to ||A||rc,(.),5( ) . 


Suppose that 1 < p < oo, and 1/p + 1/g = 1. In the classical Lebesgue space, 


ll/llp = sup 


f{x)g{x)dx , 


(13) 


where the supremum is taken over all g E L'^ with ||p||^ < 1. Our aim is to extend this 
result to \ see [5] for variable Lebesgue spaces. Let g G P, a : M”' —)■ M. We 

dehne the conjugate norm to This is the functional |H|r-a().q'() given by 

y \ py V / ^ //• \ / / A 


V(-).9'(-) 


= sup 


^E E 


^v,mS% 


v=vp 




where the supremum is taking all dyadic cube P, with |P| < 1 and over all sequence 
of functions s = {sv,m}v€No,mez^ such that 


ya(-)-n,q{-) — 

q(-),q(-) 


sup 

WeQ,|P|<i} 


I meZ’ 


2'u(o(-)-n/2) /A 

^ ^v,m V J Av,m I J 


|P|V<?(-) 


-Xp 


V>Vp 


L9(')p9(-)) 


< 1 . 


Let us start with the following lemma. 
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Lemma 4 Let q E V, I < q < q~^ < oo, a : R” —)■ M, A = {\v,m G and 

Qo = {Q e Q : IQI < 1}. If ||A||~_,(.).,'(.) < 1 and 


V(-),9'(-) 


V>Vp 


< oo 


V>Vp 


' ' mGZ" 

for any P E Qo, then 

I I mGZ" 

for any P E Qq. 

Proof. Assume, for the sake of contradiction, that 

^ ^ mGZ'^ 


V>Vp 


> 1 


for P E Qi C Qq. Then by the continuity of the modular there exists d > 1 such that 


,,, ,, , I I _ nv(-a(-)+n/ 2 ) 




A, 


d 


Xv 


V>Vp 


= 1 . 


for P E Qi- Let s = {sy^rn}vmo,m&^ be a sequence of functions dehned by 


^v,m / 


Then 


(2v{—a{x)-\-n/2)q'{x) 

2^v{—a{x)-\-n/2)q'{x) 






Xt,,m(2^)sgn K,m if Qv,m C P G Qi 
X«m(2^)sgn K,m if Qv,m C P E Qo\Ql- 


|P|l/9(-) 


E2 

m£'Z'^ 


v{a{-)—n/ 


vyvp 


n ,,, I I _ 


mGZ" 


Xv 


v'>Vp 


= 1 , 


if P G Qi and 


v'>Vp 


< 1 , 


' ' mGZ" 

if P G Qo\Qi, so ||s||Z( )-n, 5 (.) < 1. Therefore, by the dehnition of ||A||b „(.) 

‘i(-)M-) V('),9'(-) 

f 1 . 

I Jp\ ^ ^ ^ ^ ^v,mSv,m{x)Xv,mi^)'^^ 

P v=vp 


%'(■),q'(-) 
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for any P E Qi. But the last expression is 


j OO 

r^EllE 2v{-a{-)+n/2)q'{-) 

^ ^ v=vp 


A 7 ; 


9^(0 


' ' meZ" 


yv{-a{-)+n/ 2 ) 


Xv,mXp 
A 7 ?.? 


d 


Xv,r 


V>Vp 


= d. 


This contradicts our hypothesis on A = G , so the desired inequality 

holds. ^ ^ ■ 

The following lemma is the ^p^-version of fll3p . and then we obtain an equivalent 

norm on A 

Lemma 5 Let q E V, 1 < q < q'^ < OO and a : M" —)■ M. Then 

||A||pti(-),5'(-) < ||A||~-c(.). 9'(.) < 2 ||A||pc,(.).9'(.). 

<!'(■),l'(-) <]'(■),<!'(■) %'(■),l'(-) 

Proof. Since ^ + ^ 7 ^ = 1, by Holder’s inequality 

II ) E 2 II A||~-c«( ),9'( ) ||s||p(.)-n,9( ) E 2 II A||~-c«( ),5'( ) • 

q’(-),<]'(■) q(-)M-) V(-),9'(-) 

Now let us prove that ||A||pa(.). 9 '() < ||A||~-c(.), 9 '(.). By the scaling argument, it suffices 

V(-).9'(-) V(-),9'(-) 

to consider the case || A||~_c(.), 5 '(.) < 1 and show that the modular of the sequence A on 

V(-).9'(-) 

the left-hand side is bounded. By Lemma lH 


1 

W\ 


/ OO 

'll-' 11 .^ 


v=vp 


for any dyadic cube P, with |P| < 1, which is the desired inequality. ■ 

To prove the main result of this paper, we need the following result. 

Theorem 2 Let a E and q E with 1 < < oo. Then 


/ ra{-) \ * _ ,-o(-),g'(-) 

In particular^ if X 


E then the map 


^ {^v,m}v£NQ,m£Z^ ^ EE 


Al; 




p=0 mEZ^ 


defined a continuos linear functional on fi^l) with 


IIEaII 


Vh,9(-)/ 9'(-).9'(-) 


and every T E is of this form for some A G qy.) 
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Proof. We will use some idea from [131 Theorem 5.9]. Let 

= {i e Q.a ■■ < m-“l->.«'(-)(A)(i)} 

for any dyadic cube Qv,h-i with u G Nq and h G Z"'. Then \Eq^ and 


I ^v,m 11 ^v,h I 


1 


Using the Holder inequality, we hnd 


11I dx ^ 


3|Q 


vM Je„ 


I ^v,h 11 ^v,h I dx. 


v=o heZ’^ 

' v=o he.Z'^ 


v=o heZ" 

The last term is bounded by 


C ||S|| Q,(.) 
T.gC-) 


~ \\s\\m-) 


^hq(-) 


m 


u=o /lez** 

-«(').9'(-)ad < 

OO " "h,<j(-) ■■ ""q'(-),q'(-) 




~ ii'®ll/■“(■) ll'^lh-“( ).'3'(') ) 

h nfA ^nf( 


by Proposition [3l Therefore, 


< 


l|dA||/,„(.) w ii^iit-c«(),9'() • 

Vl,9(.)J V(),9'(-) 


Clearly every T G (/"J/)) * is of the form Y17=o SheZ" tv,hK,h for some A = {A^,/i}^gNo,/jgzn. 

Now, the norm || A||~_c(.),y(.) is bounded by 

) 

^v,h^v,h (^) Xi;,h(^)d' 

P ' ' v=vp heix 


V('),9'(-) 


sup 


where the supremum is taking all dyadic cube P, with |P| < 1 and over all sequence 
of functions s = {s.^ h}vmo hez^ such that ||s||~a(.)-n,,( ) < 1, see Lemma[5l The integral, 

9(-),9(-) 

Jp ■ ■ -dx can be estimated by 

OO „ ^ OO 

V V |A„,,,| / ^|s„,h(a:)|x„,;,(x)dx = V V \Kh\Dv,h,p < l|d"||/ „(.) w ||d^pL-() , 

dp I I ^=0 ^ 1.9( )/ 


v=vp h£.7/^ 

where Dp = {P^,/A,p}^eNo,/i€Z- and 


D 


v,h^P 


0 

0 


Jp ^"'’Jp^ Xv,hi^)dx if v>vp and C P. 


if V < vp 

if V >vp and H P = 


13 















Let us prove that ||-Dp|| .q( ) < 1. The claim can be reformulated as showing that 




EE 2via{y)+n/2)q{y) ^ 


^ v=vp 


i/'jIj/) 


dy < 1. 


(14) 


By the fact ^ for any x,y E Qv,h, 


2v{a{y)-nl2) jj 


\Qv,h 


v,h,P ^ 1 


(x)| 


\Q 


v,h\ 


\P\ 


Xv,h{x)dx, y E C P 


< 


Vv,N 


2"(“(-)-"/2)|s,,4-)l 

1^1 


Xv,h 


for any y E M"" and any N > n. Therefore, the left-hand side of fITT)) is bounded by 
“ / I \9(y)\i/9(y) 

(Vv,N * 2^ - - x.,h) ) dy 


v=vp h£l/^ 

oo 


^ llxp||g/(.) ( {Vv,N^ rfTi Xv,h) ) Xp 


V=Vp 

oo 


heZ^ 


\P\ 


<]{■) 


~ WXpWqy.) ( (2 


v=vp 


|p| J Xv,hJ Xp 


9 (-) 


by the Hblder inequality and Lemma |2l We can move ||Xp||g/(.) inside the norm and 
using the properties ([3]) and (jl]) to estimate the last expression by 




v=vp hEIP 


P\\q{-)- 


q{-) 9(-).9(-) 


0 < 1 . 


Therefore, ||A||~_„(.). 9 '( ) ^ II^IL «(•) V and hence completes the proof of this theorem.® 
V(),9'() Vl,g()) 

Using the notation introduced above, we may now state the main result of this paper. 
Theorem 3 Let a E and q E with 1 < g“ < g+ < oo. Then 

F«(') V - r-“(-)’9'(-) 

In particular, if g E then the map, given by lg{f) = {f-ig), defined initially 

for f E extends to a continuous linear functional on with \\g\\^-a( ),q>( ) ~ 

IK<?ll(^-() ^ ^ iKql))* satisfies I = fi for some g E 

Proof. Here we use the same arguments of [HI Theorem 5.13]. In ffTTj) we may choose 
$ = T and ip = 'll). If g E and / G then {f,g) = {Sg,f,S^g) and 

applying Theorems [2] and [T] to obtain 

\{f,g)\ = |(5^/,^^^7)| <c||^^/||^.(.) 


<?(■) 


'fo 




< 


p“( ). \\g\\u-°‘( ).i'( ) ■ 


' Uj R— 

M-) W 
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Hence 


< 


r - liyilR-^ovc)- Suppose I e (Fpj))*, then h =loT^ e {figL)*, 

<!>(■),q'{-) 


SO by Theorem [2] there exists A = {A^,m}i;GNo,mGZ" 


'.w = E E 

t;=0 


for 5 j'tJENoi'm.EZ'^ 6 /il’) and l|a|li-.H..;( i 

is bounded. By Theorem [H 


II t ra(-) ^ ~ 

ViM)J 




■, since T, 




l\ o S — / o T'lp o Sip — /. 

Hence putting 

OO 

9 ~ T^X = ^ ^ Ao^m'hm + ^ ^ ^ ^ 

m£Z^ D=1mGZ" 

we obtain 

l{f) = hiSpf) = {Spf,X) = {f,g). 
Then I = Ig and again by Theorem |2l 

Ill'll n-«( ),9'(') ^ I|-^IIt-“( ),i 3'( ) ^ IKfflltpa( ) W • 
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